Interactions which do not conserve parity might influence chiral compounds giving rise to a parity violating energy difference (PVED) that might have affected the evolution towards homochirality. However, this tiny effect predicted by electroweak-quantum chemistry calculations is easily masked by thermal effects, making it desirable to reach cold regimes in the laboratory. As an alternative route to the detection of the PVED, we study a simplified model of Bose-Einstein condensation of a sample of non-interacting chiral molecules, showing that it leads to a nonzero optical activity of the condensate and also to a subcritical temperature in the heat capacity, due to the internal structure of the molecule characterized by tunneling and parity violation. This predicted singular behavior found for the specific heat, below the condensation temperature, might shed some light on the existence of the thus far elusive PVED between enantiomers.
Introduction
Since the prediction and subsequent discovery of parity violation 1, 2 in weak interactions, the role of discrete symmetry breaking in physics and chemistry is an intriguing field of research. Although the weak interaction (between electrons and nuclei) mediated by the gauge Z 0 boson has been extensively studied and observed in atoms, 3 it has only been predicted in molecules. In molecular systems, the theory of electroweak interactions predicts a parity violating energy difference (PVED) between the two enantiomers of chiral molecules to be between 10 À13 and 10 À21 eV, including polypeptides, RNA and DNA molecules. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] However, no conclusive energy difference has been reported, for example, in experimental spectroscopic studies of the CHBrClF molecule reaching an energy resolution of about 10 À15 eV. 15, 16 The importance of this symmetry-breaking in molecules is twofold: (i) at a fundamental level, the intrinsic chiral nature which is present in some molecules should reflect the underlying interaction containing pseudoscalar magnitudes such as those appearing in the weak interaction; and (ii) it could be intimately related to the origin of homochirality, that is, the almost exclusive one-handedness of the chiral molecules found in living systems, e.g. L-amino acids and D-sugars, this being one of the most fascinating open problems which links fundamental physics with the biochemistry of life. 17 We note that, although the PVED has been proposed to tip the balance away from racemic mixtures toward an enhancement that could be incorporated into primitive forms of life, this energy difference is extremely small, so that amplification of some sort would be required to produce a detectable effect at a macroscopic level. However, in a recent work, MacDermott and coworkers 18 conclude that parity-violation does indeed favour the neutral L form of the a-methyl amino acids found to show L-excesses in the Murchison meteorite.
But although the PVED could play some role in the evolution to homochirality, there is a problem concerning its detection due to the fact that the tiny parity violating signals are easily masked by thermal effects, thus making it highly desirable to reach cold or ultracold regimes in the laboratory. [19] [20] [21] [22] The measurement of fundamental physical properties such as the PVED between enantiomers could be achieved by trapping molecules at low temperatures (in the milliKelvin range or below) and, subsequently, performing ultrahigh-resolution spectroscopic measurements of vibrational or electronic transitions. We would like to point out that these temperatures, and even colder, have been reached within the actual experimental capabilities only for atoms and diatomic molecules. The rapid expansion of the research field of ultracold chemistry is already opening new and exciting possibilities concerning more complex systems. 23 Thus, the study of quantum thermal effects in chiral molecules through pseudoscalar operators as the basic object describing their thermodynamics is of fundamental importance. Very recently, we have studied the corresponding classical thermodynamics of non-interacting chiral molecules. 24, 25 In this sense, as pointed out by Flambaum and coworkers concerning some capabilities of Bose-Einstein condensates to amplify weak interactions in chiral molecules, 19 the study of Bose-Einstein condensation (BEC) for a gas of chiral molecules could shed some light on some properties relevant to determine the thus far elusive PVED.
Concerning this Bose-Einstein amplification of weak interactions, Salam proposed that the existence of the PVED, together with a type of BEC phenomenon, may lead to a second-order phase transition below a critical temperature allowing D-aminoacids (the less stable) to tunnel into the more stable one. 26, 27 This temperature was identified with that of the 28 it is generally accepted that this phase transition is kinetically hindered and a Bose-Einstein condensation of this kind is not expected to take place in the solid state. 29 However, the capability of BEC to amplify quantum effects to the macroscopic scale could be useful to detect the PVED, at least in the gas phase.
In this sense, for a Bose gas of chiral molecules, the inclusion of extra information about the internal structure of such molecules could determine some macroscopic properties relevant to obtain the PVED such as, for example, the optical activity and heat capacity (the study of cold atoms with intrinsic spin structure is currently a very hot topic, including two-component condensates, spinor condensates, etc. 30 ). To this end, we will employ a two-state model which includes tunneling and parity violating effects in chiral molecules (this approach was first considered in ref. 31 and is widely used to describe, for instance, the internal dynamics of chiral molecules). Although the two-state (or spin 1/2) model is well known in many fields, including spin tunneling, magnetization, and quantum dissipative systems, to name only a few, this is the first time, to the best of our knowledge, that this model has been employed to study BEC of chiral molecules. Following the seminal works on BEC, predicted for a non-interacting gas and carried out in numerous dilute atomic gases 32 and in some diatomic molecules, such as 40 K 2 , 33 we will assume that the interaction among molecules is negligible to first order and, therefore, a non-interacting quantum gas of chiral molecules will be considered. We point out that although we are aware of the importance of interparticle interactions to study the thermodynamics at ultracold temperatures, our approach of non-interacting bosons constitutes the zeroth-order approach and retains the essential characteristics of the imprint of chirality in BEC. The very low densities needed to achieve BEC with chiral molecules tend to reduce the interaction among them.
In this article we show that a condensed gas of noninteracting chiral molecules displays optical activity related to the PVED. In addition, we show a dramatic change of the heat capacity with temperature, leading to the appearance of a secondary maximum (developing a shoulder-type-structure) associated with the Schottky anomaly below the condensation temperature. This subcritical temperature is expected to lie in the cold or ultracold regime.
In an ideal Bose-Einstein gas, only the translational part of the molecular motion is involved and the critical temperature for BEC is reached when the fugacity of the gas z = exp(bm), with m being the chemical potential and b = (k B T) À1 , is approaching unity (assuming that the energy of the ground state is zero). 34 This T c depends on the molecule mass and the density of the system. At T o T c , there must be a nonnegligible fraction of molecules in the ground state, the internal energy goes with T 5/2 and the heat capacity with T 3/2 . If each chiral molecule in the condensed phase has its own internal structure, we could ask ourselves if the corresponding quantum statistics describing the thermodynamic behavior, intimately related to the PVED, can be manifested by a macroscopic effect. For this goal, a two-state model is assumed for each chiral molecule.
Thermodynamics of the two-state model: a brief summary
In the absence of parity violation, the dynamics of a chiral molecule is well described by a symmetric double well potential. In this case, the true stationary states of a chiral molecule are the (achiral) eigenstates of parity. The effect of including in the Hamiltonian the internal P-odd term given by the parity violating electronnucleon electroweak interaction, H PV , introduces an energy difference between the two minima of the double well potential, leading to a new set of energy eigenstates. Let us consider the total Hamiltonian of the system H = H 0 + H PV , with H 0 including only parity conserving terms. Using a two-state model, we choose the left and right chiral states bases, |Li and |Ri (localized respectively in the left and right minimum of the double well potential), in order to show clearly the parity properties of the Hamiltonian:
where s will take E 0 = 0 for the sake of simplicity).
Heat capacity contribution of the internal structure
In a gas of non-interacting chiral molecules at temperature T, the inclusion of P-odd effects leads one to deal with a pseudoscalar operator for obtaining any thermodynamic variable. 24, 25 Thus, for a system described by a biased double well potential, the only magnitude which, roughly speaking, distinguishes between left and right conformations is the population difference between both wells, N L À N R , which is directly related to the optical activity of the system. If X is a pseudoscalar operator, it can be shown that
where AEx are the eigenvalues of X and the subscript stat stands for the different statistics considered. Eqn (2) is a generalization to any statistics of the Maxwell-Boltzmann (MB) thermal average. 24 If N 1,2 is the number of particles in the ground, |1i, and the excited state, |2i, respectively, a straightforward calculation gives the expression for N 2 À N 1 to be
where p = 0 applies for MB, p = À1 for Bose-Einstein (BE) and p = +1 for Fermi-Dirac statistics. We remark that, when e PV dominates over d, the true eigenstates of the system are the chiral states, |Li and |Ri, and changing the basis from |1i, |2i to |Li, |Ri introduces the factor cos2y = e PV /D leading to
Moreover, N L À N R changes its sign when considering a parity-transformed double well since e PV changes to Àe PV . From the knowledge of N 2 À N 1 , the internal energy of the gas is
From eqn (5) one can inmediately obtain the heat capacity at constant volume. This C v can be interpreted as a measure of the fluctuations of the optical activity of the system, that is, a measure of the fluctuations of the pseudoscalar character of the system.
Bose-Einstein gas of chiral molecules
Let us now consider BE statistics (p = À1) for a gas of two-state chiral molecules, that is, the Hamiltonian H includes tunneling and parity violation. The total number of particles is N = N 1 + N 2 . Using the standard expression for the occupation numbers for Bose statistics, we get N = N 1 + (z À1 exp(bD) À 1) À1 . For our purposes, let us define a temperature T* in which N 1 = 0 (all the particles are in the excited state E 2 or, in other words, the number of particles in the ground state is negligible). This definition of the condensation temperature was also pointed out in ref. 35 . This leads to the condensation temperature to be determined from T*¼
For T o T* it is easy to see that the gas displays a non-zero optical activity which is proportional to
This enables us to write:
the average internal energy as
and the heat capacity as
It is worth noting that this heat capacity reaches its maximum value at the subcritical temperature, T sc ,
which reflects nothing but the Schottky anomaly due to the saturation of the energy levels of the system. Thus, at T sc , the heat capacity shows the splitting of the two levels.
Bose-Einstein condensation of a kinetic gas of two-state chiral molecules
If we include a kinetic term in the Hamiltonian, the total partition function for an ideal Bose gas of chiral molecules in the two-state model can be written as (11) where the subscripts denote the kinetic and internal contributions, respectively. The first factor can be found in any standard textbook of statistical mechanics 34 and the second factor is given, for our case, by
The factorization of the partition function leads to a sum of the corresponding heat capacities,
We note that there are now two temperature regimes involved in the chiral system: (i) the temperature at which the gas undergoes BEC (T c ) and (ii) the subcritical temperature (T sc , below T c ) where the heat capacity displays a maximum. In the case of a free gas, T c is related to the mass and number density of the bosons but T sc depends only (for the two-state model) on the energy splitting between the |1i and |2i states. Thus, for
is given by eqn (9) and, for T > T c , the corresponding expression can be obtained from eqn (5) . C kin v is the usual heat capacity for an ideal Bose gas. It is worth pointing out that the very interesting case where T c and T sc are of the same order gives rise to an appreciable change in the heat capacity, with a shoulder-type structure below T c . This behavior is displayed in Fig. 1 , where the total heat capacity is plotted in terms of the reduced temperature k B T/D for the cases T sc = 0.1T c (top panel) and T sc = 0.5T c (bottom panel) (we have assumed T* = T c ). Strictly speaking, the effect of D on the condensation temperature, T c , results in a very small shift of T c . However, this difference is so tiny that for most practical purposes, we keep T c instead of the shifted T c . When T c = T sc , the subcritical temperature corresponds to a very precise density of bosons of mass m, n sc , given by
The bottom panel of Fig. 1 should be observed, for example, for the T 2 Se 2 system. This system has e PV E 2.5 Â 10 À14 eV, d E 5 Â 10 À17 eV and the tunneling time is B40 s (see Table 2 of ref. 13 ). Its subcritical density, n sc , is about 10 10 cm À3 , which is of the order of the critical densities. Thus, in this case, the corresponding discontinuity in the heat capacity could provide us a direct and clear signal of molecular parity violation.
In Fig. 2 
Discussion and conclusions
The subcritical maximum (or anomalous shoulder-type structure) found here could be considered as a signal of the Schottky anomaly which comes from lifting the degeneracy of the internal degrees of freedom. Although this was previously considered in the framework of a path integral approach to study BEC in spinor gases, 36 our simple model allows us to identify the anomaly more clearly. We would like to stress that the subcritical temperature is determined in essence by d and e PV , these temperatures lying in the cold or ultracold regime. The existence of such temperatures could be possible for any system whose constituents have internal ground states slightly split, such as for example: the inversion doubling of non-rigid pyramidal molecules, the splitting due to torsional or internal rotations through potential barriers in non-rigid molecules, or eventually the hyperfine structure of the ground state of atoms and molecules (in this last case, it could be more easy to verify the type of anomaly here studied). However, chiral molecules in this two-state model play a special role in BEC when the splitting is mainly due to parity violation (as in T 2 Se 2 ). In this case, an observation of the anomaly predicted in the heat capacity provides direct information about the PVED. In addition, when e PV determines the dynamics, then the eigenstates of the system tend to be the chiral states |L,Ri. We also point out that a measurement of the optical activity of the condensate would be a confirmation of the existence of the PVED, noting that the factor e PV /D, which is the optical activity for zero temperature, should be measurable by state-of-the-art of actual polarimeters, as we concluded in ref. 25 . Finally, we would like to point out that the energy scale of molecular parity violation is associated with the natural scale of densities which corresponds to those achieved in Bose-Einstein condensates. Thus, BEC seems to be an alternative route to detect the PVED. Furthermore, as is well known, interactions could modify the physics of the problem, in particular by shifting the condensation temperature, so it is fundamental to ask ourselves to what extent the anomaly in the heat capacity persists when we consider an interacting system of chiral molecules. Although one could introduce the interaction between molecules under the Gross-Pitaevskii or any other more sophisticated treatment, an alternative way is to study the molecular sample as an open quantum system under the influence of dissipation. In this sense, we note that the heat capacity anomalies of open quantum systems have been recently studied when coupled to a thermal bath, 37 showing the robustness of these anomalies when the interaction is taken into account. Thus, we expect that a similar stability for the anomaly here considered will persist even in presence of an environment. The study of heat capacity anomalies in BEC chiral gases embedded in appropriately chosen environments is currently in progress.
Concerning biological chiroselection, all proposed mechanisms of discrimination between the two enantiomers, even those producing very small effects, like parity violation, are usually taken in account since several amplification processes may be present along many years. Thus, under the influence of appropriate amplification mechanisms, parity violation can not be ruled out as a possible origin of homochirality. In an attempt to provide experimental basis of the existence of this symmetry breaking effect, we have explored an alternative way to detect it through Bose-Einstein condensation.
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